We consider the well known model of spin 1 2 coupled to a slowly varying magnetic field in the presence of a weak damping represented by a Lindblad-form operator. We show that Berry's geometrical phase remains unaltered by dissipation. A clear and physically appealing interpretation of this dynamics is given in terms of Bloch's vector. Dissipation effects are twofold: a shrinking in the modulus of this vector, which (geometrically) characterizes coherence loss and a time dependent (dissipation related) precession angle. Experimentally accessible effects are calculated.
Introduction
The existence of geometric phases in quantum systems, ever since its discovery by Berry [1] , has attracted considerable interest both from the theorical and experimental viewpoints. Several applications of this phenomenon in different areas of physics have also been given [2] . Comparatively much less work has been devoted to the question of the dynamical evolution of such systems in the presence of a weakly dissipative medium. Basically the available results can be summarized as follows: Nonhermitian operators are considered and lead to a modification of Berry's phase [3] . Also, a stochastically evolving magnetic field has been considered [4] . In reference [5] , there are closed expressions for the density matrix representation in the instantaneous frame of the hamiltonian, however results can only be extracted through approximations or numerical computation.
In the present work, we consider the celebrated example of a spin 1 2 particle coupled to a slowly evolving magnetic field in the presence of a weakly dissipative medium as represented by Lindblad form superoperator [6] . To our knowledge, it is the first time that a fully analytical result of such evolution is given. A simple and geometrical interpretation of the results emerge in terms of Bloch's vector, which completely characterizes the state of the system. In the absence of dissipation, the geometrical phase appears as a "delay" or an "advance" in the precession period with respect to the period dictated by the magnetic field's frequency. Also, the precession of this vector occurs at a fixed angle around a fixed axis about which the external magnetic field precesses, as usual. The introduction of dissipation via a semi-group type dynamics does not alter the precession frequency, thus strenghthening its geometrical nature. However, the x, y and z components of Bloch's vector are altered in different ways by nonunitary effects. In particular, the modulus of Bloch's vector will shrink. We can immediately recognize the physical process responsible for this. Introducing the linear entropy (or idempotency defect) as a measure of purity loss [7] 
and writting
where S(t) is the Bloch's vector, we get
which shows that the modulus of S(t) is directly related to the process of coherence loss introduced by dissipation. In order to discuss dissipative effects on Berry's geometrical phase the natural framework is to consider the evolution of the density matrix under the influence of a non unitary Liouville operator. Specifically, we consider a spin 1/2 variable coupled to a time dependent magnetic field precessing around the z-axis. The unitary contribution for this evolution is given by the hamiltonian
written in the basis of the eigenstates of the z-component of the spin where B is the norm of the external magnetic field, θ is its azimuthal angle, ω the precession frequency and the constant µ = gµ B 2 , being g the Landé's factor and µ B the Bohr magneton. We are using natural units (c =h = 1). For the sake of later calculation it is convenient to define two unitary transformations. The first one, R(ω, t) transforms to the rotating frame, where the hamiltonian is not longer time dependent, and the second one, D(µB, θ, ω), which diagonalizes the effective hamiltonian (time independent) that drives the dynamics of the final matrix representation of the density operator. After the first transformation, R(ω, t) = e − iωt 2 σz , the density matrix and the hamiltonian read
and
Analogously, after the second transformation we get, in the diagonal frame, the density matrix
and the effective hamiltonian
where
One posible way to add dissipative contributions to the above dynamics is to include a Lindblad type superoperator in the evolution equation. An important requirement on this non unitary contribution is that it should asymptotically lead to a thermal equilibrium situation, ρ(t → ∞) = exp(−βH(t)). One interesting technical point is to realize that the Lindblad superoperator in its usual form can be included in the diagonal frame as follows:
where k is the dissipation constant at zero temperature andn is the average number of excitations of the weakly coupled thermal oscillators at inverse temperature β.
We next notice that this phenomenological damping leads to the asymptotic state ρ D (t → ∞) = exp(−βλ 1 σ z ), which implies, after reversion of the transformations D and R, that for long enough times (t >> (kn) −1 ), ρ(t → ∞) = exp(−βH(t)), just like it should. A straightforward calculation gives ρ D (t), whose elements are
The others entries of ρ D (t) are obtained from Tr ρ D (t) = 1 and the fact that ρ D (t) is an hermitian matrix.
We turn now to the adiabatic approximation ω → 0, or, more precisely ω << µB,
where ±µB are the eigenenergies of our initial hamiltonian (4) . The solution in the diagonal frame is not very enlightening in what regards isolating the geometric phase's contribution. The natural basis choice corresponds to the instantaneous eigenvectors of Hamiltonian H(t) in eq.(4) [5] . We call ρ I (t) the density matrix in this basis. In this case, Berry's phase can be immediately identified in the nondiagonal terms of ρ I (t).
Observe that in the adiabatic approximation the terms that are arguments of periodic functions we must be expanded up to linear term in ω, because we are interested in times t = T = 2π/ω (period of the external magnetic field). The entries of the density matrix, in the instantaneous frame, in the adiabatic approximation read
ρ 12
where a is a tracer to Berry's phases. At the end, we take the tracer equal to 1. The tracer helps us identify the contribution due to Berry's phase in physical quantities. 
We thus see that, in this model, dissipation does not affect Berry's geometrical phase, only makes it harder to observe, since the nondiagonal terms of the density matrix in the instantaneous frame, which contain this information, will shrink. In this case, contrary to reference [3] , it is not sensible to define a complex geometric phase, because here the exponentially decaying factor has a purely dynamical origin with no relation with the geometry of the physical setup. Had we chosen a fluctuating driving magnetic field to the geometric phase would have acquired imaginary contributions. Thus we expect the presence of both effects in the general case.
We further notice that the density matrix obtained is amenable to graphic visualization. The matrix density ρ I (t) can be written as eq.(2) and define Bloch's vector in the instantaneous frame. In this frame the projection of the Bloch's vector sweeps the xy plane and makes an angle smaller than that of the magnetic field by an amount proportional to the solid angle Ω(θ), while its length decreases exponentially with a time rate equals to k(2n + 1). We ilustrate the ilustrate the shrinking of the projection of the Bloch's vector in the xy plane, due to the presence of dissipation, in figure 1 . We choose k/ω = 10 in order to show more clearly the decreasing of this projection in an interval 4π/µB. Eqs. (15) and (16) do not impose any constraint on the ratio k/ω. Shortening in z is faster than in the xy plane, causing a time dependent azimuthal angle as we can see in figure 2 that shows the plot of the time evolution of the Bloch's vector for k/ω = 0.2. For t → ∞ the Bloch's vector has only non-zero z-compoment and S z (t → ∞) = − 1 2n+1 . For the sake of comparison with experiments it is necessary to calculate dissipation effects on measurable quantities. In this model the natural candidates are the components of the magnetization vector m (t). In the adiabatic approximation using eqs. (15) and (16) we get, for the Fourier transform of m z (t),
where α is given by the initial condition and we define Γ ≡ 2µB − aω cos(θ).
The first term of eq.(17) corresponds to constant component of the magnetic field, and the second one shows the dissipation effects on this field component. The last term on the r.h.s. of the above equation displays a real frequency shift which contains the contribution of the geometrical phase, as can be seen by eq. (18) due the presence of the tracer a, and a line broadening caused only by the dissipative evolution. The expressions for the other components of magnetization are analogous, but somewhat lengthy.
In short, we have presented an analytical solution to the problem of a spin in a precessing magnetic field embedded in a dissipative medium introduced phenomenologically.
This nonunitary contribution was accounted for by a Lindblad type superoperator which presents the required physical relaxation properties. A geometrical interpretation of the Bloch's vector in the instantaneous frame was given. In this description the precession frequency of Bloch's vector related to the geometrical phase is not altered by dissipation, and can be viewed as a time lag in the natural period of the system. Decoherence effects are present and their manifestation is the shortening of the three components of this vector.
The relaxation rate in x and y directions is smaller than in z-direction causing a time dependence on the azimuthal angle. In the asymptotic limit the x and y components will be completely supressed and the z-component will point in the negative direction. Notice that Berry's phase is a purely geometric quantum effect observable through interference.
As expected, since decoherence is a way to the classical world, observation of the geometric phase will be progressively blurred. 
